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QUANTIZATION OF A POISSON STRUCTURE ON PRODUCTS OF
PRINCIPAL AFFINE SPACES
VICTOR MOUQUIN
Abstract. We construct a deformation quantization of a Poisson structure on products
of principal affine spaces of a complex semisimple Lie group G and as a result, obtain a
quantization of homogeneous coordinate rings of flat Poisson connections on ample line
bundles over products of flag varieties of G, equipped with the Poisson structure studied
by the author and Lu. We define the notion of a strongly coisotropic subalgebra in a
Hopf algebra, and explain how strong coisotropicity guarantees that any homogeneous
coordinate ring of a homogeneous space of a Poisson Lie group can be quantized in the
sense of Ciccoli, Fioresi, and Gavarini.
1. Introduction
Let N\G be the principal affine space of a connected and simply connected complex
semisimple Lie group G, where N is the unipotent radical of a Borel subgroup B. We
introduce in this paper a Poisson structure π(m) on products (N\G)m with several in-
teresting properties: the diagonal action of G on ((N\G)m, π(m)) is Poisson when G is
equipped with π
(1)
st , the standard multiplicative Poisson structure; π
(m) is the quotient
structure of the m’th polyuble Poisson Lie group (Gm, π
(m)
st ), a term explained in §3.3;
and π(m) descends to a Poisson structure πm on (B\G)
m which was extensively studied in
[7, 16, 17], and as a consequence, any ample line bundle on ((B\G)m, πm) admits a flat
Poisson connection.
The geometry of products (N\G)m of principal affine spaces is intimately related to
the representation theory of G, or its Langland dual GL. In [10], Goncharov and Shen
construct parametrization sets of canonical bases in invariants of tensor products of rep-
resentations of GL from the tropical geometry of (N\G)m/G, and an interesting problem
is to relate the Poisson geometry developed in this paper to their work, as well as to the
cluster structure of Fock and Goncharov introduced in [8].
We construct a deformation quantization Cℏ[(N\G)
m] of the Poisson algebra of regular
functions on ((N\G)m, π(m)) which is a locally factored algebra in the sense of Etingof-
Kazhdan [6], and is a module algebra over the Drinfeld-Jimbo QUE algebra. Flat Poisson
connections on ample line bundles over ((B\G)m, πm) induce a graded Poisson bracket on
the corresponding homogenous coordinate rings, and in particular, any of those graded
Poisson algebras are quantized to graded subalgebras of Cℏ[(N\G)
m]. We thus recover a
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particular example of a result from [2] (albeit over C[[ℏ]] rather than C[q, q−1]) quantizing
homogenous coordinate rings of homogeneous spaces of Poisson Lie groups.
In [2], Ciccoli, Fioresi, and Gavarini construct quantizations of homogeneous coordinate
rings using prequantum sections satisfying a certain involutivity condition, see §8.3 and [2,
Section 3]. We introduce the definition of a (right or left) strongly coisotropic subalgebra
of a Hopf algebra, and show that strong coisotropicity implies that any homogeneous
coordinate ring of a homogeneous space of a Poisson Lie group can be quantized in the
sense of [2].
This paper is organized as follows: §2 is a recall of the notion of Lie bialgebras and
Poisson action thereof. In §3 we construct the Poisson structure π(m) on (N\G)m as an
application of the theory in [17] on mixed product Poisson structures, and show that when
C[N\G]⊗m is equipped with the induced Poisson bracket {, }(m), it is a Poisson subalgebra
of the Poisson algebra (C[Gm], { , }
(m)
rst ) of regular functions on (G
m, π
(m)
st ). In §4 we define
strongly coisotropic subalgebras of Lie bialgebras, a notion which generalizes to the graded
Poisson algebra setting that of coisotropic subalgebras. In particular, with b being the
Lie algebra of B, bn is a strongly coisotropic subalgebra of the Lie bialgebra (gm, r
(m)
st ) of
(Gm, π
(m)
st ), which implies that the Poisson bracket { , }
(m) on C[N\G]⊗m is graded, from
which one deduces that any ample line bundle on ((B\G)m, πm) has a natural flat Poisson
connection.
Section §5 is a recall on Hopf algebras, and in §6, we develop in the Hopf algebra setting
a construction analogous to the twisted m-fold product of a quasitriangular Lie bialgebra
(g, r) introduced in [17]. The quantum analogue of a mixed product Poisson structure
with a Poisson action of (g, r) is a module algebra over a QUE algebra which is locally
factored, and in §7 a quantization Cℏ[(N\G)
m] of ((N\G)m, π(m)) is constructed as such
an example. We define in §8 strongly coisotropic subalgebras of Hopf algebras which are
analogues of strongly coisotropic subalgebras of Lie bialgebras, and explain how strong
coisotropicity guarantees that any homogeneous coordinate ring of a homogeneous space
of a Poisson Lie group can be quantized in the sense of [2].
1.1. Notation. The canonical pairing between a vector space and its dual is denoted by
〈 , 〉.
All algebras in this paper are finitely generated unital associative algebras over a field of
zero characteristic. If A is an algebra, we denote its unit element by 1A, its multiplication
map by µA : A⊗A→ A, and when no confusion is possible, multiplication is also written
as concatenation, µA(a1 ⊗ a2) = a1a2. If R ∈ A
⊗l, l ≥ 1, we use the standard notation
Ri1i2···il to denote the image of R in A
⊗k, k ≥ l, under the embedding A⊗l →֒ A⊗k as the
(i1, i2, . . . , il) components, 1 ≤ i1, i2, . . . , il ≤ k.
If G is a Lie group with Lie algebra g and x ∈ g⊗l, l ≥ 1, we denote respectively by xL
and xR the left and right invariant tensor fields whose value at the identity e ∈ G is x.
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2. Lie bialgebras
We recall basic facts concerning Lie bialgebras and quasitriangular r-matrices, and set
up our notation. All the material in this section is standard and we refer to [17] for details.
2.1. Lie bialgebras and quasitriangular r-matrices. Let g be a finite dimensional
Lie algebra over a field K of zero characteristic. A Lie bialgebra structure on g is a map
δg : g→ ∧
2g satisfying the cocycle condition
δg[x, y] = [x, δg(y)] + [δg(x), y], x, y ∈ g,
and such that the dual map δ∗g : ∧
2g∗ → g∗ is a Lie bracket on g∗, and one says that (g, δg)
is a Lie bialgebra. A quasitriangular r-matrix on g is an element r ∈ g⊗g whose symmetric
part Ω = 1/2(r+r21) is g-invariant, and which satisfies the Classical Yang-Baxter Equation
(CYBE) in U(g)⊗3
[r12, r13] + [r12, r23] + [r13, r23] = 0.
A quasitriangular r-matrix r ∈ g⊗ g defines a Lie bialgebra structure
δr : g→ ∧
2g, δr(x) = [x, r] x ∈ g,
where δr(x) indeed lies in ∧
2g ⊂ g⊗g for every x ∈ g, since Ω is g-invariant. In particular,
δr only depends on the anti-symmetric part Λ = 1/2(r − r21) of r. A quasitriangular Lie
bialgebra is a Lie bialgebra (g, δg) such that δg = δr for a quasitriangular r-matrix r ∈ g⊗g,
and one says that r is a quasitriangular structure for (g, δg). We also denote quasitriangular
Lie bialgebras as pairs (g, r).
2.2. Poisson actions and twists. A Poisson algebra is a pair (A, { , }) where A is a
commutative algebra over K, and { , } a K-linear Lie bracket on A which is a derivation
in each factor. A (right) Poisson action of a Lie bialgebra (g, δg) on a Poisson algebra
(A, { , }) is a Lie algebra morphism ρ : g → Der(A), where Der(A) is the Lie algebra of
derivations of A, satisfying
(1) ρ(δg(x))(f ∧ g) = ρ(x)({f, g})− ({ρ(x)(f), g}+ {f, ρ(x)(g)}), x ∈ g, f, g ∈ A.
When K = R or C and A is the algebra of smooth or holomorphic functions on a real or
complex Poisson manifold, (1) coincides with the usual notion of a Poisson action of a Lie
bialgebra. A twisting element of (g, δg) is an element t ∈ ∧
2g satisfying
δg(t) +
1
2
[t, t] = 0,
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so that δg,t : g→ ∧
2g defined by
δg,t(x) = δg(x) + [t, x], x ∈ g,
is a Lie bialgebra structure on g, and we call (g, δg,t) the twist of (g, δg) by t. The bracket
{ , }t on A given by
{f, g}t = {f, g} − ρ(t)(f ∧ g), f, g ∈ A,
is then a Poisson bracket, ρ : g → Der(A) is a Poisson action of (g, δg,t) on (A, { , }t),
and one says that (A, { , }t) is the twist of (A, { , }) by ρ(t). Moreover, if (g, δg) has
quasitriangular structure r ∈ g⊗ g, r − t is a quasitriangular structure for (g, δg,t).
Let g be a Lie algebra and r =
∑
i xi ⊗ yi ∈ g⊗ g a quasitriangular r-matrix on g. For
any integer m ≥ 1, the element
(2) Mixm(r) =
∑
1≤k<l≤m
Mixmk,l(r) ∈ g
m∧gm, with Mixmk,l(r) =
∑
i
(yi)k∧(xi)l ∈ g
m∧gm,
where for 1 ≤ j ≤ m and x ∈ g, we denote by (x)j ∈ g
m the image of x under the
embedding of g into gm as the j’th component, is a twisting element of the direct product
Lie bialgebra (g, r)m, and
r(m) = (r, . . . , r)−Mixm(r) ∈ gm ⊗ gm,
is a quasitriangular r-matrix for the twist of (g, r)m by Mixm(r). The diagonal embedding
diagm : (g, δr) →֒ (g
m, δr(m)) is a morphism of Lie bialgebras, and we call (g
m, r(m)) the
twisted m-fold product of (g, r). When ρ : g → Der(A) is a Poisson action of (g, r) on a
Poisson algebra (A, { , }), the twist of the direct product Poisson algebra (A, { , })⊗m by
ρ(m)(Mixm(r)) is called a mixed product Poisson structure in [17], where
(3) ρ(m) : gm → Der(A)m, ρ(m)(x1, . . . , xm) = (ρ(x1), . . . , ρ(xm)), xi ∈ g.
3. A Poisson structure on products of principal affine spaces
Given a standard connected and simply connected semisimple complex Poisson Lie
group (G, πst), we introduce a Poisson structure on products of the principal affine space
N\G which is graded, for which the diagonal action of (G, πst) is Poisson, and which
is a quotient Poisson structure of (Gm, π
(m)
st ), m ≥ 1, where the multiplicative Poisson
structure π
(m)
st is defined by the Lie bialgebra (g
m, r
(m)
st ).
3.1. Semisimple Lie algebras and the standard quasitriangular r-matrix. Let g
be a complex semisimple Lie algebra. We setup our notation for the structure theory of
g and recall the standard quasitriangular r-matrix rst on g. Our reference is [17]. Fix a
Cartan subalgebra t ⊂ g, let △ ⊂ t∗ be the root system of g with respect to t, and for
α ∈ △, let gα ⊂ g be the corresponding root space. Fix a system △+ ⊂ △ of positive
roots and let n =
∑
α∈△+
gα, n− =
∑
α∈△+
g−α be the nilpotent radicals of the pair
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(b = t+ n, b− = t+ n−) of opposite Borel subalgebras of g. Let 〈 , 〉g be the Killing form
of g and denote by 〈 , 〉 the bilinear form on both t and t∗ induced by 〈 , 〉g. For every
positive root α ∈ △+, choose root vectors eα ∈ gα, e−α ∈ g−α, such that 〈eα, e−α〉g = 1,
and let hα = [eα, e−α]. We label the simple roots in △+ by {αi : i = 1, . . . , k} and let
aij = αj(hαi), di = 〈αi, αi〉, 1 ≤ i, j ≤ k. Then
rst =
k∑
i,j=1
aij
dj
hαi ⊗ hαj +
∑
α∈△+
e−α ⊗ eα ∈ g⊗ g
is a quasitriangular r-matrix, called the standard quasitriangular r-matrix associated to
the pair (b, b−), and its antisymmetric part
Λst =
1
2
∑
α∈△+
e−α ∧ eα ∈ ∧
2g
is the standard coboundary structure associated to (b, b−).
Let W be the Weyl group of G and w0 ∈ W the longest element in W . For 1 ≤ i ≤ k,
let ̟i ∈ t
∗ be the fundamental weight corresponding to αi, i.e δij = ̟i(hαj ) for 1 ≤ j ≤ k,
and let
P+ = {
k∑
i=1
ni̟i : ni ∈ N0}
be the free monoid of dominant integral weight. For ̟ ∈ P+, we denote by V (̟) the
irreducible representation of g of highest weight ̟, and recall that one has V (̟)∗ =
V (−w0(̟)) as g-modules.
3.2. Principal affine spaces. Let G be the connected and simply connected complex
semisimple algebraic group with Lie algebra g, let B ⊂ G be the Borel subgroup with Lie
algebra b ⊂ g and unipotent radical N , and let T ⊂ B be the maximal torus of G with
Lie algebra t ⊂ b. We recall in this subsection the representation theory of C[N\G]. Our
reference is [11]. Ample line bundles on the flag variety B\G are parametrized by P+,
where for ̟ ∈ P+, L(̟) is the line bundle over B\G defined as the quotient of C×G by
the left action of B given by
b · (z, g) = (b−̟z, bg), g ∈ G, b ∈ B, z ∈ C,
where b̟ = e̟(x) if b = exp(x)n, with n ∈ N and x ∈ t, and via pull back by the quotient
map G→ B\G, one can identify the global sections of L(̟) with
C[G]̟ := {f ∈ C[G] : f(bg) = b−̟f(g), g ∈ G, b ∈ B}.
Under the left action of G on C[G] given by (g1 · f)(g2) = f(g2g1), gi ∈ G, C[G]
̟ is G-
invariant and isomorphic to V (−w0(̟)). Indeed, for any finite dimensional representation
V of G, one has the matrix coefficient
cVξ,v ∈ C[G], c
V
ξ,v(g) = 〈ξ, g
−1 · v〉 = 〈g · ξ, v〉, g ∈ G,
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defined for v ∈ V and ξ ∈ V ∗, and the map
Φ̟ : V (̟)→ C[G]
−w0(̟), Φ̟(ξ) = c
V (−w0(̟))
ξ,v , ξ ∈ V (̟),
is a G-equivariant isomorphism, where v ∈ V (−w0(̟)) is any fixed highest weight vector.
The principal affine space N\G has affine coordinate ring
C[N\G] = {f ∈ C[G] : f(ng) = f(g), g ∈ G, n ∈ N},
and one has
C[N\G] =
⊕
̟∈P+
C[G]̟,
i.e C[N\G] is the multi-homogenous coordinate ring corresponding to the embedding of
B\G into
∏
̟∈P+ P(V (̟)
∗).
3.3. A Poisson structure on products of principal affine spaces. Let rst be the
quasitriangular r-matrix defined in §3.1. For any integer m ≥ 1, one has the m’th polyuble
Poisson Lie group (Gm, π
(m)
st ), a term used in [9, 17], where
π
(m)
st = (r
(m)
st )
L − (r
(m)
st )
R = (Λ
(m)
st )
L − (Λ
(m)
st )
R,(4)
and
Λ
(m)
st = (Λst, . . . ,Λst)−Mix
m(rst) ∈ ∧
2gm
is the antisymmetric part of r
(m)
st , so that
σm : g
m ⊕ gm → X1(Gm), σm(y, x) = y
L − xR, x, y ∈ gm,
is a Poisson action of (gm, r
(m)
st ) ⊕ (g
m,−r
(m)
st ) on (C[G
m], { , }
(m)
rst ), where { , }
(m)
rst is the
Poisson bracket induced by π
(m)
st .
We first treat the m = 1 case. For ̟, λ ∈ P+, let
p̟,λ : V (̟)⊗ V (λ) ∼= V (λ)⊗ V (̟)→ V (̟ + λ)
be the projection along the g-submodules of highest weight less than ̟ + λ.
Proposition 3.1. 1) For any f, g ∈ C[N\G], one has
(5) {f, g}(1)rst = Λ
L
rst(f ∧ g) ∈ C[N\G],
i.e π
(1)
st descends to a well defined Poisson structure π
(1) on N\G.
2) For ξ ∈ V (̟) and µ ∈ V (λ), one has
(6) {Φ̟(ξ),Φλ(µ)}
(1)
rst = Φ̟+λ(p̟,λ(Λrst · (ξ ⊗ µ))).
In particular, C[N\G] is a P+-graded Poisson subalgebra of (C[G], { , }
(1)
rst).
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Proof. 1) Since Λrst ∈ n−∧n, one clearly has Λ
R
rst(f ∧g) = 0 for any f, g ∈ C[N\G], which
proves (5).
2) Let v ∈ V (̟)∗ and w ∈ V (λ)∗ be highest weight vectors. Since v ⊗ w is a highest
weight vector in (V (̟)⊗ V (λ))∗, for ξ ∈ V (̟), µ ∈ V (λ), one has
Φ̟(ξ)Φλ(µ) = c
V (−w0(̟))
ξ,v c
V (−w0(λ))
µ,w = c
V (−w0(̟))⊗V (−w0(λ))
ξ⊗µ, v⊗w
= cV (−w0(̟+λ))p̟,λ(ξ⊗µ), v⊗w = Φ̟+λ(p̟,λ(ξ ⊗ µ)),
and (6) is now a straightforward consequence of (5).
Q.E.D.
We denote by { , }(1) the restriction of { , }
(1)
rst to C[N\G]. Let g˜ = g⊕ t as a direct sum
Lie algebra and let
(7) r˜st = (rst, 0)− (0, r0) ∈ g˜⊗ g˜, where r0 =
k∑
i,j=1
aij
dj
hαi ⊗ hαj ∈ t⊗ t,
i.e the quasitriangular Lie bialgebra (g˜, r˜st) is the direct sum of the quasitriangular Lie
bialgebras (g, rst) and (t,−r0). Since x
R(f) = −〈̟, x〉f if f ∈ C[G]̟ ⊂ C[N\G], the
action σ1 restricts to a Poisson action
(8) ρ : g˜→ X1(N\G), ρ(y, x) = yL − xR, x ∈ t, y ∈ g,
of (g˜, r˜st) on (C[N\G], { , }
(1)). We now treat the case of a general m ≥ 1. Let (π(1))m be
the direct product Poisson structure on (N\G)m and let ρ(m) : g˜m → X1(N\G)m be as in
(3), so that by §2.2 one has the Poisson structure
π(m) = (π(1))m − ρ(m)(Mixm(r˜st))
on (N\G)m, with Poisson bracket { , }(m) on C[N\G]⊗m.
Theorem 3.2. 1) The diagonal action of G on (N\G)m,
(N.g1, . . . , Ngm) · g = (N.g1g, . . . , N.gmg), g, gi ∈ G,
is a Poisson action of the Poisson Lie group (G, π
(1)
st ) on ((N\G)
m, π(m)), or equivalently,
φ : g→ X1(N\G)m, φ(y) = (yL, . . . , yL), y ∈ g,
is a Poisson action of (g, rst) on (C[N\G]
⊗m, { , }(m)).
2) The algebra C[N\G]⊗m is a Poisson subalgebra of (C[Gm], { , }
(m)
rst ) and one has
{f, g}(m)rst = {f, g}
(m), f, g ∈ C[N\G]⊗m,
i.e π
(m)
st projects to π
(m) on (N\G)m.
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Proof. Part 1) is clear since (g, δrst) →֒ (g˜, δr˜st), y 7→ (y, 0), and diagm : (g˜, δr˜st) →֒
(g˜m, δ
r˜
(m)
st
) defined as in §2.2 are Lie bialgebra morphisms. As for part 2), since r± =
rst − r0 ∈ n− ⊗ n, for f, g ∈ C[N\G]
⊗m one has
Mixm(r±)
R(f ⊗ g) = 0,
hence
{f, g}(m)rst = (Λ
(m)
st )
L(f ⊗ g)− (Λ
(m)
st )
R(f ⊗ g)
= (Λ
(m)
st )
L(f ⊗ g)−Mixm(r0)
R(f ⊗ g)
= {f, g}(m).
Q.E.D.
Remark 3.3. The Poisson bracket { , }(m) is given explicitly as follows. For ̟, λ ∈ P+,
f ∈ C[G]̟, g ∈ C[G]λ, and 1 ≤ l < t ≤ m, recalling our notational conventions of §1.1,
one has
{fl, gl}
(m) =
(
{f, g}(1)
)
l
,
{fl, gt}
(m) = −〈̟ ⊗ λ, r0〉flgt −Mix
m(rst)
L(fl ∧ gt)
= −〈̟ ⊗ λ, r0〉flgt
−
k∑
i,j=1
aij
dj
(hLαi(f))l(h
L
αj
(g))t −
∑
α∈△+
(eL−α(f))l(e
L
α(g))t.
In particular, { , }(m) is a (P+)
m-graded Poisson bracket on C[N\G]⊗m, i.e
{C[G]λ, C[G]µ}(m) ⊂ C[G]λ+µ,
where for any λ = (λ1, . . . , λm) ∈ (P+)
m,
C[G]λ := C[G]λ1 ⊗ · · · ⊗ C[G]λm ⊂ C[N\G]⊗m.
⋄
3.4. Flat Poisson connections. Let L be an invertible sheaf over a complex Poisson
variety (X, { , }X). Recall from [18] that a flat Poisson connection on L is a linear map
∇ : OX ⊗L → L, f ⊗ s 7→ ∇fs, f ∈ OX , s ∈ L,
which is a derivation in the first argument, and satisfies
∇f gs = {f, g}Xs+ g∇fs,
∇{f,g}X s = ∇f∇gs−∇g∇fs, f, g ∈ OX , s ∈ L.
We continue with the discussion in §3.3. The Poisson structure π(m) descends to a
well defined Poisson structure πm on (B\G)
m which was studied in [7, 16, 17]. For λ =
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(λ1, . . . , λm) ∈ (P+)
m, the global sections of the line bundle
L(λ) = L(λ1)⊠ · · ·⊠ L(λm)
over (B\G)m are naturally identified with C[Gm]λ and let
S(λ) =
⊕
n≥0
C[G]nλ
be the homogeneous coordinate ring of (B\G)m defined by the line bundle L(λ). Since
(S(λ), { , }(m)) is a graded Poisson algebra, as a consequence of [18, Proposition 5.2], one
has
Corollary 3.4. The sheaf of sections of L(λ) inherits a natural flat Poisson connection
∇ which on global sections of L(λ) is given by
(9) ∇f/g s =
1
g2
(
g{f, s}(m) − f{g, s}(m)
)
, f, g ∈ C[G]nλ, n ≥ 1, s ∈ C[G]λ.
4. Strongly coisotropic subalgebras of Lie subalgebras
In view of Proposition 3.1 and Theorem 3.2 we introduce the definition of a strongly
coisotropic subalgebra of a Lie bialgebra. Let (g, δg) be a Lie bialgebra and denote by
[ , ]g∗ the Lie bracket on g
∗ which is the dual of the cocycle map δg. For a vector space
u ⊂ g, let u0 ⊂ g∗ be its annihilator.
Definition 4.1. A Lie subalgebra u ⊂ g is said to be a strongly coisotropic subalgebra of
(g, δg) if
δg(u) ⊂ g⊗ [u, u] + [u, u]⊗ g,
or equivalently, if
[[u, u]0, [u, u]0]g∗ ⊂ u
0.
Remark 4.2. Recall from [15] that a Lie subalgebra u ⊂ g is said to be a coisotropic
subalgebra of (g, δg) if δg(u) ⊂ g ⊗ u + u ⊗ g, thus a strongly coisotropic subalgebra is
coisotropic. Note also that if u is strongly coisotropic, then [u, u] is itself a coisotropic
subalgebra of (g, δg), hence u is strongly coisotropic if and only if the induced Lie bracket
on [u, u]0/u0 is trivial. ⋄
Let (A, { , }) be a Poisson algebra and ρ : g → Der(A) a Poisson action of a Lie
bialgebra (g, δg). If u ⊂ g is a Lie subalgebra, let Ch(u) = {ζ ∈ u
∗ : 〈ζ, [u, u]〉 = 0〉}, and
for ζ ∈ Ch(u), let
Aζ = {f ∈ A : ρ(x)(f) = 〈ζ, x〉f, x ∈ u}
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be the weight space in A of weight ζ . Let Au ⊂ A be the subalgebra of u-semi invariant
elements of A, that is
Au =
⊕
ζ∈PA(u)
Aζ ⊂ A, where
PA(u) = {ζ ∈ Ch(u) : A
ζ 6= 0}.
Proposition 4.3. If u is a strongly coisotropic subalgebra of (g, δg),
{Aζ1 , Aζ2} ⊂ Aζ1+ζ2, ζ1, ζ2 ∈ PA(u),
i.e Au is a Poisson subalgebra of (A, { , }) graded by PA(u).
Proof. Let ζ1, ζ2 ∈ PA(u), f ∈ A
ζ1 , and g ∈ Aζ2 . As δg(u) ⊂ g⊗ [u, u] + [u, u]⊗ g, one has
ρ(δg(x))(f ∧ g) = 0, x ∈ u,
and so by (1),
ρ(x)({f, g}) = {ρ(x)(f), g}+ {f, ρ(x)(g)} = (ζ1 + ζ2)(x){f, g}, x ∈ u,
hence
{Aζ1 , Aζ2} ⊂ Aζ1+ζ2.
Q.E.D.
Remark 4.4. It is shown in [15] that if u is a coisotropic subalgebra of (g, δg), the u-
invariant elements A0 = {f ∈ A : ρ(x)f = 0, x ∈ u} is a Poisson subalgebra of (A, { , }).
Hence one should think of strong coisotropicity as a generalization of coisotropicity to the
graded setting. ⋄
The following Lemma 4.5 is straightforward.
Lemma 4.5. Let r ∈ g⊗ g be a quasitriangular r-matrix on a Lie algebra g. If u ⊂ g is
a subalgebra such that
(10) r ∈ u⊗ u+ g⊗ [u, u] + [u, u]⊗ g,
then u is a strongly coisotropic subalgebra of (g, r). In particular, if (10) holds, um is a
strongly coisotropic subalgebra of (gm, r(m)) for any m ≥ 1.
Examples 4.6. 1) Assume the setting of §3.1. Since rst and b satisfy (10), for any Lie
subalgebra p of g containing b, pm is a strongly coisotropic subalgebra of (gm, r
(m)
st ) for any
m ≥ 1. The conclusion of Theorem 3.2 that C[N\G]⊗m is a graded Poisson subalgebra of
(C[Gm], { , }
(m)
rst ) now follows from Proposition 4.3, as
x 7→ −xR, x ∈ gm,
is a Poisson action of (gm,−r
(m)
st ) on (C[G
m], { , }
(m)
rst ).
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2) More generally, one easily checks that any quasitriangular Belavin-Drinfeld r-matrix
satisfies (10) with u = b, where we refer to [1] for the theory of such r-matrices. Hence for
any m ≥ 1 and any Belavin-Drinfeld r-matrix r, C[N\G]⊗m is a (P+)
m-graded Poisson
subalgebra of (C[Gm], { , }
(m)
r ), where { , }
(m)
r is the Poisson bracket induced by π
(m)
r =
(r(m))L − (r(m))R. ⋄
5. Hopf and QUE algebras
In this section we recall basic facts about Hopf algebras, QUE algebras and actions
thereof, and refer to any book on quantum groups, such as [3, 4, 12, 13, 14], for details.
5.1. Hopf algebras. For a Hopf algebra H over a field K of zero characteristic, we
denote by µH : H ⊗H → H , 1H ∈ H , ∆H : H → H ⊗H , εH : H → K, and SH : H → H
respectively the multiplication, unit, comultiplication, counit, and antipode ofH , and if no
confusion is possible, we write the multiplication as concatenation, µH(h1 ⊗ h2) = h1h2.
Recall that a quasitriangular R-matrix on a Hopf algebra H is an invertible element
R ∈ H ⊗H satisfying
∆op
H
= R∆HR
−1,(11)
(IH ⊗∆H)R = R13R12, (∆H ⊗ IH)R = R13R23,(12)
where IH is the identity map of H , and one says that (H,R) is a quasitriangular Hopf
algebra. We mention the relation
(εH ⊗ IH)(R) = 1H = (IH ⊗ εH)(R)(13)
which will be used in §6.
For m ≥ 1 we denote by ∆
(m)
H : H → H
⊗m the m-fold comultiplication. Thus ∆
(1)
H = IH
and ∆
(2)
H = ∆H by convention, and if m ≥ 3, ∆
(m)
H = (∆H ⊗ I
⊗m−1
H
)∆
(m−1)
H .
5.2. QUE algebras. A deformation Hopf algebra is a topologically free K[[ℏ]]-algebra
H equipped with maps ∆H : H → H⊗ˆH , εH : H → K[[ℏ]], SH : H → H satisfying
axioms similar to those of a Hopf algebra, but where one must replace the tensor product
H ⊗H by the completed tensor product H⊗ˆH . A quantized universal enveloping algebra
(QUE algebra) is a deformation Hopf algebra H such that there is a finite dimensional
Lie algebra g with H/ℏH isomorphic to U(g) as a Hopf algebra. There is then a natural
bialgebra structure δg on g given by
δg(x) =
1
ℏ
(∆H(x˜)−∆
op
H
(x˜)) mod ℏ, x ∈ g,
where x˜ ∈ H is any element such that x˜+ ℏH = x, and one says that H is a quantization
of (g, δg). Similarly, any quasitriangular R-matrix R ∈ H⊗ˆH defines a quasitriangular
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structure r ∈ g⊗ g on (g, δg) by
r =
1
ℏ
(R− 1H ⊗ 1H) mod ℏ,
and one says that R is a quantization of r. By Etingof and Kazhdan [5], any quasitriangular
Lie bialgebra can be functorially quantized to a quasitriangular QUE algebra.
5.3. Module algebras and twists of Hopf algebras. Let H be a Hopf algebra, A an
associative algebra, and suppose that A is a left module over H . One says that A is a left
H-module algebra if
h · (fg) = µA(∆H(h) · (f ⊗ g)), h ∈ H, f, g ∈ A,
h · 1A = εH(h)1A, h ∈ H,
and right H-module algebras are similarly defined. One says that A is an H-bimodule
algebra if A is a bimodule over H as well as a left and right H-module algebra. A twisting
element of H is an invertible element J ∈ H ⊗H satisfying
(∆H ⊗ IH)(J)J12 = (IH ⊗∆H)(J)J23,
(εH ⊗ IH)(J) = (IH ⊗ εH)(J) = 1H .
Then J defines a new Hopf algebra structure on the underlying algebra (H, µH, 1H) of H
by
∆(H)J = J
−1∆HJ,
S(H)J = Q
−1SHQ, where Q = µH((SH ⊗ IH)(J)),
ε(H)J = εH,
and we denote by (H)J this newly obtained Hopf algebra, called the twist of H by J , and
if R ∈ H ⊗H is a quasitriangular R-matrix for H , J−121 RJ is a quasitriangular R-matrix
for (H)J.
Lemma 5.1. Let A be a left H-module algebra. The map (µA)J : A⊗A→ A defined by
(14) (µA)J(f ⊗ g) = µA(J · (f ⊗ g)), f, g ∈ A,
is an associative product on A, and (A,(µA)J,1A) is a left (H)J-module algebra.
Definition 5.2. In the context of Lemma 5.1, one says that (A, (µA)J , 1A) is the twist of
A by J ∈ H ⊗H , and denote by (A)J this newly obtained algebra.
Module algebras and twisting of deformation Hopf algebras are similarly defined.
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5.4. Quantization of Poisson actions. By a deformation quantization algebra (DQ
algebra) we mean in this paper a topologically free associative K[[ℏ]]-algebra A such that
A0 = A/ℏA is a commutative K-algebra. The multiplication on A induces on A0 a Poisson
bracket given by
{f, g} =
1
ℏ
(f˜ g˜ − g˜f˜) mod ℏ, f, g ∈ A0,
where f˜ , g˜ ∈ A are any elements such that f˜ + ℏA = f and g˜+ ℏA = g, and one says that
A is a quantization of (A0, { , }).
Lemma 5.3. [4] Let Uℏ(g) be a QUE algebra quantizing a Lie bialgebra (g, δg), A a DQ
algebra quantizing a Poisson algebra (A0, { , }), and assume that A is a left Uℏ(g)-module
algebra. Then
(15) ρ(x)(f) = x˜ · f˜ mod ℏ, x ∈ g, f ∈ A0,
where x˜ ∈ Uℏ(g) and f˜ ∈ A are such that x˜+ ℏUℏ(g) = x and f˜ + ℏA = f , defines a Lie
algebra morphism ρ : g→ Der(A0) which is a Poisson action of (g, δg) on (A0, { , }).
6. Twisted products of quasitriangular Hopf algebras
In this section, we describe a Hopf algebra construction analogous to the construction of
the twisted m-fold product (gm, r(m)) of a quasitriangular Lie bialgebra (g, r). When ap-
plied to a quantization of (g, r), one obtains a quantization of (gm, r(m)), and we construct
a quantization of mixed product Poisson structures.
6.1. Twisted products of quasitriangular Hopf algebras. Recall that the structure
maps of the tensor product of two Hopf algebras H1, H2 are given by
∆H1⊗H2 = τ(23)(∆H1 ⊗∆H2), SH1⊗H2 = SH1 ⊗ SH2 , εH1⊗H2 = εH1 ⊗ εH2,
where τ(23) is the permutation of the second and third tensor factors. The following Lemma
6.1 was proven in [19].
Lemma 6.1. [19, Section 2] Let (H,R) be a quasitriangular Hopf algebra. Then R23 ∈
H⊗4 is a twisting element of H⊗2, and the comultiplication
∆H : H → (H
⊗2)R23
is a morphism of Hopf algebras.
Corollary 6.2 below is essentially a reformulation of the above Lemma.
Corollary 6.2. Let (H,R) be a quasitriangular Hopf algebra and let A1, A2 be Hopf
algebras equipped with morphisms of Hopf algebras ϕj : H → Aj, j = 1, 2, and let
ϕ = (ϕ1 ⊗ ϕ2) : H
⊗2 → A1 ⊗ A2. Then J = (ϕ ⊗ ϕ)(R23) is a twisting element of
A1 ⊗A2, and
ϕ ◦∆H : H → (A1 ⊗ A2)J
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is a morphism of Hopf algebras.
6.2. The quasitriangular Hopf algebras (H
(m)
R , R
(m)). Let (H,R) be a quasitriangular
Hopf algebra. By applying Corollary 6.2 inductively, one obtains for any m ≥ 1 a Hopf
algebra H
(m)
R , such that H
(1)
R = H , H
(2)
R = (H
⊗2)R23 , and for m ≥ 3, H
(m)
R is the twist of
H
(m−1)
R ⊗H by
(16) (∆
(m−1)
H ⊗ IH ⊗∆
(m−1)
H ⊗ IH)(R23).
It follows that H
(m)
R is also the twist of H
⊗m by Twim(R) ∈ (H⊗m) ⊗ (H⊗m), where
Twi1(R) = 1H ⊗ 1H, and for m ≥ 2,
(17) Twim(R) = Twim−1(R)(∆
(m−1)
H ⊗ IH ⊗∆
(m−1)
H ⊗ IH)(R23) ∈ (H
⊗m)⊗ (H⊗m),
where one views Twim−1(R) as an element of (H⊗m)⊗ (H⊗m) via the embedding
(H⊗m−1)⊗(H⊗m−1) →֒ (H⊗m)⊗(H⊗m), a1⊗a1 7→ a1⊗1H⊗a2⊗1H, a1, a2 ∈ H
⊗m−1.
Unravelling (17) using (12), one gets
(18) Twim(R) =
m∏
k=2
1∏
l=k−1
Rk m+l,
where the outer product is taken in the increasing order of the indices, and the inner
product in the decreasing order of the indices. In particular, H
(m)
R has quasitriangular
R-matrix
(19) R(m) =
(
2∏
k=m
k−1∏
l=1
R−1l m+k
)(
m∏
k=1
Rk m+k
)(
m∏
k=2
1∏
l=k−1
Rk m+l
)
,
and to sum up, one has the following
Lemma-Definition 6.3. Let (H,R) be a quasitriangular Hopf algebra. For any m ≥ 1,
H
(m)
R is a Hopf algebra with quasitriangular R-matrix R
(m) ∈ H⊗m ⊗H⊗m given in (19),
and the m-fold comultiplication
∆
(m)
H : H → H
(m)
R
is a morphism of Hopf algebras. We say that the quasitriangular Hopf algebra (H
(m)
R , R
(m))
is the twisted m-fold tensor product of (H,R).
Let now H be a quantization of a quasitriangular Lie bialgebra (g, r) and R ∈ H⊗ˆH a
quantization of r.
Proposition 6.4. For any m ≥ 1, H
(m)
R is a quantization of (g
m, δr(m)) and R
(m) is
quantization of r(m).
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Proof. Write r =
∑
i xi ⊗ yi with xi, yi ∈ g. Since r = 1/ℏ(R− 1H ⊗ H) mod ℏ, the order
1 term of Twim(R) is
j(m) =
1
ℏ
(Twim(R)− 1H ⊗ · · · ⊗ 1H) mod ℏ ∈ g
m ⊗ gm
=
∑
1≤l<k≤m
∑
i
(xi)k ⊗ (yi)l,
and the order 1 term of R(m) is
(r, . . . , r)− (j(m))21 + j
(m) = (r, . . . , r)−Mixm(r) = r(m),
proving the Proposition.
Q.E.D.
6.3. Module algebras over (H
(m)
R , R
(m)). Let (H,R) be a quasitriangular Hopf algebra
and for m ≥ 1, let A1, . . . , Am be left H-module algebras, so that the tensor product
algebra A = A1 ⊗ · · · ⊗ Am is a left H
⊗m-module algebra. By applying Lemma 5.1, one
obtains the H
(m)
R -module algebra
(20) Aˆ = (A)Twim(R),
the twist of A by Twim(R) in the sense of Definition 5.2. In the following Proposition 6.6,
we describe the multiplication in Aˆ, and show that Aˆ is a locally factored algebra in the
sense of Etingof and Kazhdan, whose definition we now recall.
Definition 6.5. [6] A locally factored algebra is an algebra A with a collection A1, . . . , Am
of subalgebras such that for any permutation σ ∈ Sm of m letters, the multiplication map
Aσ(1) ⊗ · · · ⊗ Aσ(m) → A is a bijection, and such that for all 1 ≤ i, j ≤ m, the image of
Ai ⊗Aj under the multiplication map is a subalgebra of A.
For any 1 ≤ j ≤ m, we view Aj as a subalgebra of A by identifying it with the j’th
tensor factor of A.
Proposition 6.6. For 1 ≤ i, j ≤ m, f ∈ Ai and g ∈ Aj, one has
(21) µAˆ(f ⊗ g) =
{
µA(f ⊗ g), if i ≤ j,
Rij · µA(g ⊗ f), if i > j.
In particular, Aˆ is a locally factored algebra.
We first treat the case m = 2 in the following Lemma 6.7.
Lemma 6.7. Proposition 6.6 holds for m = 2.
Proof. Let i = j = 1. One has using (13),
µAˆ(f ⊗ g) = µA(R23 · (f ⊗ g)) = µA(f ⊗ ((εA ⊗ IA)(R) · g)) = µA(f ⊗ g),
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and a similar calculation shows that µAˆ(f ⊗ g) = µA(f ⊗ g), if i = j = 2, or i = 1, and
j = 2. If i = 2 and j = 1, then
µAˆ(f ⊗ g) = µA(R23 · (f ⊗ g)) = R21 · µA(g ⊗ f).
Q.E.D.
Proof of Proposition 6.6 We proceed by induction, the case m = 1 being trivial. Thus let
m ≥ 2 and let A˜ = (A1 ⊗ · · · ⊗ Am−1)Twim−1(R). Viewing A˜ as an H-module algebra via
the Hopf algebra morphism ∆
(m−1)
H , by (17) one has
Aˆ = (A˜⊗ An)R23 .
Hence if i ≤ j or j < i < n, Proposition 6.6 follows from induction and Lemma 6.7. If
j < i = n, by Lemma 6.7, one has
µAˆ(f ⊗ g) = (∆
(n−1)
H ⊗ IH)(R21) · µA(g ⊗ f)
= (Rn n−1Rn n−2 · · ·Rn1) · µA(g ⊗ f)
= Rnj · µA(g ⊗ f),
which concludes the proof.
Q.E.D.
Remark 6.8. The algebra Aˆ is an H-module algebra via ∆
(m)
H , and Proposition 6.6
has the following categorical interpretation. Let C be a braided monoidal category with
braiding β, and let A1, A2 be two associative algebra objects in C. Then A1 ⊗ A2 is also
an associative algebra object, with multiplication
A1 ⊗ A2 ⊗A1 ⊗ A2
1A1⊗βA2,A1⊗1A2−→ A1 ⊗ A1 ⊗ A2 ⊗A2
µA1⊗µA2−→ A1 ⊗ A2.
Applied to the category C of representations of the quasitriangular Hopf algebra (H,R)
whose braiding is
βA1,A2 = τ(12) ◦R |A1, A2 , Ai ∈ Ob(C),
one precisely obtains the H-module algebra (A1 ⊗ A2)Twi2(R). ⋄
Remark 6.9. It is a consequence of [6, Corollary 1.4] that formula (21) defines an as-
sociative algebra which is locally factored with components A1, . . . , Am. Proposition 6.6
gives an interpretation of this Corollary in terms of module algebras over twisted tensor
products of quasitriangular Hopf algebras. ⋄
6.4. Quantization of mixed product Poisson structures. Let (Uℏ(g), R) be a qua-
sitriangular QUE algebra quantizing a quasitriangular Lie bialgebra (g, r), let A be a DQ
algebra quantizing a Poisson algebra (A0, { , }), and assume that A is an Uℏ(g)-module
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algebra. Then ρ : g→ Der(A0), defined in (15), is a Poisson action of (g, r) on (A0, { , })
and for m ≥ 1, let
{ , }(m)
be the mixed product Poisson structure on A⊗m0 defined in §2.2.
Theorem 6.10. The algebra (A⊗m)Twim(R) is a quantization of (A
⊗m
0 , { , }
(m)).
Proof. For 1 ≤ k ≤ m, let (A)k be the image of the embedding of A into A
⊗m as the k’th
component, and use a similar notation for A⊗m0 . As (A)k is a subalgebra of (A
⊗m)Twim(R),
it follows that (A0)k is a Poisson subalgebra of (A
⊗m
0 , { , }
(m)). Let 1 ≤ k < l ≤ m and
f˜ , g˜ ∈ A. By (21) one has
1
ℏ
(µ(A⊗m)Twim(R)(f˜k ⊗ g˜l)−µ(A⊗m)Twim(R)(g˜l ⊗ f˜k)) mod ℏ
=
1
ℏ
(1⊗ · · · ⊗ 1− Rlk)µA⊗m(f˜k ⊗ g˜l) mod ℏ
= −ρ(m)(rlk)(f ⊗ g)kl
= −ρ(m)(Mixmk,l(r))(fk ∧ gl)
= {fk, gl}
(m),
where f = f˜ + ℏA, g = g˜ + ℏA, which proves the Theorem.
Q.E.D.
7. Twisted products of quantum principal affine spaces
Applying the theory developed in §6, we construct a quantization of the Poisson bracket
{ , }(m) on C[N\G]⊗m for any m ≥ 1. Throughout this section, g is a complex semisimple
Lie algebra as in §3.1 and G is the connected and simply connected group integrating g.
7.1. The Drinfeld-Jimbo quantum group. The celebrated Drinfeld-Jimbo quantum
group is a quasitriangular QUE algebra quantizing the standard complex semisimple Lie
bialgebra (g, rst), whose definition we now recall for the convenience of the reader. Our
reference is [4]. Let q = eℏ ∈ C[[ℏ]] and recall the q-integers, q-factorials, and q-binomial
coefficients,
[n]q =
qn − q−n
q − q−1
=
n−1∑
i=−n+1
qi, n ≥ 1,
[n]q! =
n∏
i=1
[i]q,
[
n
i
]
q
=
[n]q!
[n− i]q![i]q!
.
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Define Uℏ(g) to be the deformation Hopf algebra generated by hαi , eαi , e−αi , i = 1, . . . , k,
and relations
[hαi , hαj ] = 0, [hαj , eαi] = aijeαi , [hαj , e−αi ] = −aije−αi
[eαi , e−αj ] = δij
q
hαi
i − q
−hαi
i
qi − q
−1
i
1−aij∑
l=0
(−1)l
[
1− aij
l
]
qi
e
1−aij−l
±αi e±αje
l
±αi
= 0,
where qi = e
ℏdi/2, i = 1, . . . , k, and the Hopf algebra structures are given by
∆(eαi) = eαi ⊗ q
hαi/2
i + q
−hαi/2
i ⊗ eαi , S(eαi) = −qieαi , ε(eαi) = 0,
∆(e−αi) = e−αi ⊗ q
hαi/2
i + q
−dihαi/2 ⊗ e−αi , S(e−αi) = −q
−1
i e−αi, ε(eαi) = 0,
∆(hαi) = hαi ⊗ 1 + 1⊗ hαi , S(hαi) = −hαi , ε(hαi) = 0.
7.2. The quantum principal affine space. We briefly recall the construction of the
quantum principal affine space of G, see e.g [12, 14].
A finite dimensional Uℏ(g)-module is a topologically free Uℏ(g)-module V such that
V0 = V/ℏV is a finite dimensional vector space. Since V0 is naturally a U(g)-module,
one has a functor F : Rep(Uℏ(g)) → Rep(g), F (V ) = V/ℏV , from the category of
finite dimensional Uℏ(g)-modules to the category of finite dimensional representations of
g, and F defines a bijection between isomorphism classes in Rep(Uℏ(g)) and Rep(g). For
V ∈ Rep(Uℏ(g)), v ∈ V and ξ ∈ V
∗, one has the matrix coefficient cVξ,v ∈ Uℏ(g)
∗ defined
by
cVξ,v(x) = 〈ξ, S(x) · v〉 = 〈x · ξ, v〉, x ∈ Uℏ(g).
The quantized ring of functions on G is the subspace
(22) Cℏ[G] = {c
V
ξ,v : V ∈ Rep(Uℏ(g)), v ∈ V, ξ ∈ V
∗} ⊂ Uℏ(g)
∗,
with multiplication given by
cVξ,v c
W
ρ,w = c
V⊗W
ξ⊗ρ, v⊗w, c
V
ξ,v, c
W
ρ,w ∈ Cℏ[G],
and Cℏ[G] is a quantization of the Poisson algebra (C[G], { , }
(1)
rst). One has the left and
right actions of Uℏ(g) on Cℏ[G] given by
(y · cVξ,v)(x) = c
V
ξ,v(xy) = c
V
y·ξ, v(x),
(cVξ,v · y)(x) = c
V
ξ,v(yx) = c
V
ξ, S(y)·v(x), c
V
ξ,v ∈ Cℏ[G], x, y ∈ Uℏ(g),
and Cℏ[G] is an Uℏ(g)-bimodule algebra.
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For ̟ ∈ P+, let Vℏ(̟) ∈ Rep(Uℏ(g)) be such that F (Vℏ(̟)) = V (̟) and fix a highest
weight vector v ∈ Vℏ(̟), i.e a non-zero vector annihilated by eαi , i = 1, . . . , k. Let
Cℏ[G]
̟ = {c
Vℏ(̟)
ξ,v , ξ ∈ Vℏ(−w0(̟))},
Cℏ[N\G] =
⊕
̟∈P+
Cℏ[G]
̟.
Then Cℏ[N\G] is a quantization of (C[N\G], { , }
(1)), and is called the quantum principal
affine space of G.
7.3. Quantization of products of principal affine spaces. Let Uℏ(t) be the subalge-
bra of Uℏ(g) generated by hαi , i = 1, . . . , k. It is cocommutative and isomorphic to the
commutative algebra C[t][[ℏ]]. The Uℏ(g)-bimodule algebra structure on Cℏ[G] induces a
left action of the tensor product QUE algebra
U˜ℏ(g) = Uℏ(g)⊗ Uℏ(t)
on Cℏ[N\G] by
(y ⊗ x) · c
Vℏ(̟)
ξ,v = 〈̟, x〉c
Vℏ(̟)
y·ξ, v , c
Vℏ(̟)
ξ,v ∈ Cℏ[G]
̟, x ∈ Uℏ(t), y ∈ Uℏ(g),
where we denote the ℏ-linear extension of ̟ ∈ t∗ by the same letter. Hence Cℏ[N\G] is a
left U˜ℏ(g)-module algebra which quantizes the Poisson action ρ defined in (8) of (g˜, r˜st) on
(C[N\G], { , }(1)) in the sense of Lemma 5.3. Let R ∈ Uℏ(g)⊗ˆUℏ(g) be a quasitriangular
R-matrix quantizing rst ∈ g⊗ g. As
R0 = e
ℏr0 ∈ Uℏ(t)⊗ˆUℏ(t)
is a quasitriangular R-matrix quantizing the quasitriangular r-matrix r0 ∈ t⊗ t defined in
(7), (U˜ℏ(g), R˜) is a quasitriangular QUE algebra quantizing (g˜, r˜st), where
R˜ = τ(23)(R⊗R
−1
0 ) ∈ U˜ℏ(g)⊗ˆU˜ℏ(g),
and τ(23) is the permutation of the second and third tensor factors. Let
Cℏ[(N\G)
m] = (Cℏ[N\G]
⊗m)Twim(R˜).
Theorem 7.1 below is now a consequence of Theorem 6.10.
Theorem 7.1. For any m ≥ 1, Cℏ[(N\G)
m] is a quantization of the Poisson algebra
(C[N\G]⊗m, { , }(m)).
Remark 7.2. Using formula (21), one gets an explicit formula for the multiplication in
Cℏ[(N\G)
m] depending only on R (and the multiplication in Cℏ[N\G]). ⋄
8. Strongly coisotropic subalgebras and graded algebras
We introduce an analogue of Definition 4.1 in the context of Hopf algebras, and show
how to construct graded algebras out of actions by strongly coisotropic subalgebras of
Hopf algebras. As an application, we obtain another construction of Cℏ[(N\G)
m].
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8.1. Strongly coisotropic subalgebras. If U is an associative algebra, let [U, U ] be the
two-sided ideal generated by the commutators of U , and let Ch(U) be the set of characters
of U , that is algebra morphisms from U to the ground field K.
Definition 8.1. Let H be a Hopf algebra and U ⊂ H a subalgebra. We say that U is a
right (resp. left) strongly coisotropic subalgebra of H if
∆H(U) ⊂ U ⊗ U +H ⊗ [U, U ] (resp. ∆H(U) ⊂ U ⊗ U + [U, U ]⊗H).
Let H be a Hopf algebra and A a right H-module algebra. If U ⊂ H is a subalgebra
and ζ ∈ Ch(U), let
Aζ = {f ∈ A : f · u = ζ(u)f, u ∈ U},
and let AU be the U -semi-invariant elements of A, that is
AU =
⊕
ζ∈PA(U)
Aζ , where
PA(U) = {ζ ∈ Ch(U) : A
ζ 6= 0}.
Proposition 8.2. If U ⊂ H is a right or left strongly coisotropic subalgebra, Ch(U) has
a natural monoid structure such that
Aζ1Aζ2 ⊂ Aζ1ζ2 , ζ1, ζ2 ∈ PA(U),
i.e AU is a subalgebra of A graded by PA(U).
Proof. We assume that U is right strongly coisotropic, as the left case is similar. Since
H ⊗ [U, U ] is a two-sided ideal in U ⊗ U +H ⊗ [U, U ], one has a natural identification
(U ⊗ U +H ⊗ [U, U ])/H ⊗ [U, U ] ∼= U ⊗ U, u1 ⊗ u2 +H ⊗ [U, U ] 7→ u1 ⊗ u2.
Let ∆˜U : U → U ⊗ U be the composition of ∆H|U with this identification. One can then
define an associative product on Ch(U) by
(ϕψ)(u) := (ϕ⊗ ψ)(∆˜U(u)), u ∈ U, ϕ, ψ ∈ Ch(U),
and if f ∈ Aζ1 , g ∈ Aζ2 , with ζ1, ζ2 ∈ PA(U), one has
(fg) · u = µA((f ⊗ g) ·∆H(u)) = (ζ1ζ2)(u)fg,
i.e Aζ1Aζ2 ⊂ Aζ1ζ2.
Q.E.D.
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8.2. Strongly coisotropic subalgebras in twisted tensor products of quasitrian-
gular Hopf algebras. In Proposition 8.4 below, we derive an analogue of Lemma 4.5
for strongly coisotropic subalgebras.
Let A1, A2 be Hopf algebras with Hopf subalgebras Ui ⊂ Ai, let (H,R) be a quasitrian-
gular Hopf algebra with morphisms ϕi : H → Ai, i = 1, 2, and let J ∈ (A1 ⊗ A2)
⊗2 be as
in Corollary 6.2.
Lemma 8.3. Assume that R satisfies
(23) (ϕ2 ⊗ ϕ1)(R) ∈ U2 ⊗ U1 + A2 ⊗ [U1, U1].
Then U1 ⊗ U2 is a right strongly coisotropic subalgebra of (A1 ⊗ A2)J.
Proof. The proof is straightforward as R−1 = (SH ⊗ 1H)(R) also satisfies (23).
Q.E.D.
Proposition 8.4. Let U ⊂ H be a Hopf subalgebra and suppose that
(24) R ∈ U ⊗ U +H ⊗ [U, U ].
Then for any m ≥ 1, U⊗m is a right strongly coisotropic subalgebra of H
(m)
R .
Proof. The Proposition is trivial for m = 1, so assume it true for an m ≥ 1. As
∆
(m)
H ([U, U ])⊂ [U
⊗m, U⊗m], one applies Lemma 8.3 with A1 = H
(m)
R , A2 = H , ϕ1 = ∆
(m)
H ,
ϕ2 = 1H to conclude that U
⊗m+1 is a right strongly coisotropic subalgebra of H
(m+1)
R .
Q.E.D.
Example 8.5. Denote by H the QUE algebra Uℏ(g) defined in §7.1 and let U be the
Hopf subalgebra generated by {hαi , eαi}
k
i=1. The standard quasitriangular R-matrix on H
satisfies (24) (see e.g [3, Chapter 8]) and for m ≥ 1, one obtains another construction of
the DQ algebra Cℏ[(N\G)
m].
Indeed, writing H = Cℏ[G], the map µ
(m) : H⊗m ⊗H⊗m →H⊗m,
µ(m)(f1 ⊗ f2) = µH⊗m(Twi
m(R) · (f1 ⊗ f2) · Twi
m(R)), fi ∈ H
⊗m,
where Twim(R) is defined in (18), is an associative product on H⊗m such that
H(m) = (H⊗m, µ(m), 1⊗m
H
)
is an H
(m)
R -bimodule algebra. One has PH(m)(U
⊗m) = (P+)m and
(H(m))U
⊗m
=
⊕
λ∈(P+)m
Cℏ[G]
λ,
where for λ = (λ1, . . . , λm) ∈ (P
+)m,
Cℏ[G]
λ = Cℏ[G]
λ1 ⊗ · · · ⊗ Cℏ[G]
λm .
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By Proposition 8.4, U⊗m is a right strongly coisotropic subalgebra of H
(m)
R , so (H
(m))U
⊗m
is a (P+)m-graded subalgebra of H(m), easily seen to be be isomorphic to Cℏ[(N\G)
m].
⋄
8.3. Relation with the quantum sections of Ciccoli, Fioresi, and Gavarini. Let
H be a Hopf algebra, let U be a coalgebra with a right action of H, and let p : H → U
be an H-equivariant surjective morphism of coalgebras. Given a prequantum section [2,
Definition 3.5], i.e a non-zero element d ∈ H satisfying
(25) ∆H(d) ∈ d⊗ d+ ker(p)⊗H,
consider the subspace Hd = ⊕n≥0H
d
n of H, where
Hdn = {l ∈ H : ∆H(l) ∈ d
n ⊗ l + ker(p)⊗H}.
Then d is said to be a quantum section if Hd is a graded subalgebra of H. Let (G, πG)
be a Poisson Lie group and Q a closed coisotropic subgroup of (G, πG). When H is the
quantized ring of regular functions on (G, πG), U the quantized coalgebra of functions on
U and p the restriction map, Ciccoli, Fioresi, and Gavarini [2] interpret Hd as being the
quantization of the homogeneous coordinate ring of an ample line bundle on Q\G.
Assume now that H is the dual Hopf algebra of a Hopf algebra H . That is, for any
finite dimensional left representation V of H , one has the matrix coefficients
cVξ,v : H → K, c
V
ξ,v(h) = 〈h · ξ, v〉, h ∈ H,
defined for any v ∈ V and ξ ∈ V ∗, and H is the Hopf algebra consisting of all the
matrix coefficients of H . Let U ⊂ H be a subalgebra with ∆H(U) ⊂ U ⊗ H , assume
that U = {cVξ,v |U : c
V
ξ,v ∈ H} ⊂ U
∗, and that p : H → U is the restriction of the matrix
coefficients to U . Thus p is H-equivariant, where H acts on U by p(f) · l = p(fl), for
l, f ∈ H.
Now if in addition U is left strongly coisotropic, any prequantum section d ∈ H is
automatically a quantum section. Indeed, by (25), p(d) is a character on U , and since
d ∈ Hd1, one has p(d) ∈ PH(U). Equipping Ch(U) with the monoid multiplication defined
in Proposition 8.2, it is clear that p(d)n = p(dn) for all n ≥ 1, and under the right action
of H on H given by
cVξ,v · h = c
V
ξ, SH (h)·v
, cVξ,v ∈ H,
one has
Hdn = H
p(d)n .
By Proposition 8.2, HU is a PH(U)-graded subalgebra of H, hence
Hd =
⊕
n≥0
Hp(d)
n
⊂ HU
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is a graded subalgebra. Thus strong coisotropicity can be thought of as a condition
guaranteeing the quantizability of any homogeneous coordinate ring of an ample line
bundle on a homogenous space of a Poisson Lie group.
Example 8.6. Returning to Example 8.5 above, H(m) is the dual Hopf algebra of H
(m)
R ,
and for λ = (λ1, . . . , λm) ∈ (P+)
m,
Sℏ(λ) =
⊕
n≥0
Cℏ[G]
nλ1 ⊗ · · · ⊗ Cℏ[G]
nλm ⊂ H(m)
is a graded algebra quantizing the graded Poisson algebra (S(λ), { , }(m)) corresponding
to the flat Poisson connection on L(λ). ⋄
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